Abstract The identity and the supersymmetry shape invariance for a class of exponential-type molecule potentials are studied by introducing a deformed five-parameter exponential-type potential (DFPEP) and via the multi-parameter deformations. It has been shown that the DFPEP is a shape-invariant potential with a translation of parameters. By making use of the shape invariance approach, the exact energy levels are determined for the bound states with zero angular momentum. A class of molecule potentials and their exact energy spectra for the zero angular momentum states are reduced from the DFPEP and a general energy spectrum formula, respectively. The interrelations for some molecule potentials are also discussed.
Introduction
The molecule potentials with an exponential-type include a wide class of potentials, such as the Morse potential, [1] Eckart potential, [2] Hulthén potential, [3] generalized Morse potential, [4] and four-parameter molecule potential, [5−8] etc. Some of these potentials are supersymmetric shape-invariant potentials with a translation of parameters. [9] For the shape-invariant potentials, their exact energy levels can be obtained algebraically by making use of the supersymmetry shapeinvariance approach [10−12] and the supersymmetric WKB approximation. [13] The normalized wavefunctions can also be obtained by making use of the unified recurrence operator method. [14, 15] All kinds of potentials are not independent, for example, choosing appropriate parameters, the Eckart potential may reduce to the generalized Morse potential, [16] and the four-parameter exponentialtype potential may turn to the Rosen-Morse potential, the Hulthén potential and the Hulthén-like effective potential. [7] In the present work, we study further the multi-parameter deformations for the exponentialtype potentials by introducing a deformed five-parameter exponential-type potential (DFPEP), which may reduce to the most known exponential-type molecule potentials and produce some new useful solvable models by choosing appropriate parameters. For the DFPEP, the shape invariance has been investigated and the exact energy levels are determined within the framework of supersymmetry quantum mechanics. Choosing appropriate parameters, a class of exponential-type molecule potentials has been reduced from the DFPEP. The interrelations for some molecule potentials are also discussed.
Five-Parameter Exponential-Type Potential
We consider a DFPEP,
The range of parameter q is q > 0 or −1 ≤ q < 0. This potential may be useful in many branches of physics, and it may reduce to the most well-known exponentialtype molecule potentials by choosing appropriate P i (i = 1, . . . , 3), α and q parameters. The parameter q acts as an important deformation parameter.
The DFPEP function given by Eq. (1) is substituted in the radial Schrödinger equation for the zero angular momentum states,
where the radial wavefunction R(r) has been written as R(r) = χ(r)/r. The ground state wavefunction χ 0 (r) can be written as
where N is a normalized constant and W (r) is called a superpotential in supersymmetric quantum mechanics. Substituting Eq. (3) into Eq. (2), we obtain
where E 0 is the ground state energy. Equation (4) is a nonlinear Riccati equation. Putting the superpotential as
and substituting this expression into Eq. (4), we obtain
The radial wavefunction R(r) for the ground state can be expressed as
In view of the wavefunction R(r) satisfying the standard conditions, that is when r → 0, R(r) is finite; and when r → ∞, R(r) becomes R(r) → 0. We get Q 1 < 0 and Q 2 > 0. Solving Eq. (7) yields
where the plus and minus signs ± are corresponding to q > 0 and q < 0, respectively. Using Eqs (5) and (6), the corresponding supersymmetry partner potentials V + (r) and V − (r) can be expressed as
Putting a 0 = Q 2 , the partner potentials V + (r) and V − (r) satisfy the following relationship
where
the remainder R(a 1 ) is independent of r. Equation (13) shows that V + (r) and V − (r) have the similar shapes. We conclude that the DFPEP is a shape-invariant potential involving a translation of parameters in the sense given by Gendenshtein.
[11]
The energy eigenvalues of Hamiltonian
are given by
Incorporating Eqs (4) and (12), we can obtain the relation between V DFPEP (r) and V − (r): V DFPEP (r) = V − (r) + E 0 . Hence, the energy levels of the DFPEP expressed in Eq. (1) for the zero angular momentum states are given by
Substituting Eq. (8) into Eq. (16), we obtain
where the plus and minus signs ± are corresponding to q > 0 and q < 0, respectively. In the next section, we will show that the above expression is a general energy spectrum formula, which fits a wide class of exponential-type molecule potentials.
Multi-parameter Deformations of the DFPEP
In this section, we investigate the multi-parameter deformations of the DFPEP with q acting as an important deformation parameter.
Eckart Potential
For
in Eq. (1), and after some algebraic simplifications, the DFPEP reduces to the Eckart potential
where B > A 2 . By making the corresponding parameter replacements in Eq. (17), the exact energy spectra are obtained and can be written down in the form
This is the same as that given in Table 1 in Ref. [17] . For
in Eq. (1), the DFPEP turns to the q-deformed Eckart potential
which is based on the q-deformed hyperbolic functions [18] sinh
where q > 0 is a real parameter. Substituting the corresponding parameters into Eq. (17), we obtain the exact energy levels for the q-deformed Eckart potential,
Hulthén Potential
In Eq. (1), if we make the replacements P 1 = 0, P 2 = −V 0 , P 3 = 0, α = η/2 and q = −1, the DFPEP will give the Hulthén potential
Substituting the corresponding parameters into Eq. (17), we obtain the energy levels for the Hulthén potential,
This is consistent with Eq. (68.14) in Ref. [19] obtained with the help of the factorization method. In Ref. [20] , we showed that the Hulthén potential is a shape-invariant potential involving a translation of parameters.
The Generalized Morse Potential
For P 1 = D, P 2 = −2bD, P 3 = Db 2 , α = α/2 and q = −1, the DFPEP reduces to the generalized Morse potential
where b = e α re − 1. Codriansky et al. [16] showed that the solvability of the generalized Morse potential is due to the fact that it belongs to the class of the Eckart potential, a member of the hypergeometric Natanzon potentials. Substituting the corresponding parameters into Eq. (17), it follows that
This result is the same as that given in Ref. [4] .
Four-Parameter Molecule Potential
Choosing P 1 = D e , P 2 = −2D e (c − 1) e b re , P 3 = D e (c − 1) 2 e 2b re , α = b/2 and q = −c e b re , the DFPEP reduces to the four-parameter molecule potential proposed by Hua,
where |c| < 1. This potential has been used to describe the vibrations of a diatomic molecule. Substituting the corresponding parameters into Eq. (17), we obtain the energy levels for the four-parameter molecule potential expressed in Eq. (26),
This is consistent with the result given by Hua in Ref. [5] . For P 1 = 0, P 2 = −2D e ( e α −λ), P 3 = D e ( e α −λ) 2 , α = α/2r e and q = −λ, the DFPEP turns to the four-parameter diatomic molecule potential
This potential is a shape-invariant potential with a translation of parameters, the exact energy levels can be determined by making use of the shape invariance approach and the supersymmetry WKB approximation. [21] Substituting the corresponding parameters into Eq. (17), we obtain the energy spectra of the four-parameter diatomic molecule potential for the zero angular momentum states, (29), the plus and minus signs ± are corresponding to λ > 0 and λ < 0, respectively. These results are consistent with the results given by expressions (13) and (19) in Ref. [6] .
For P 1 = A, P 2 = −(AC + B), P 3 = BC, α = λ/2, and q = C, the DFPEP turns to the four-parameter exponential-type potential [7] V = A e λr C + e λr − B e λr (C + e λr ) 2 ,
where A, B > 0. Using an ansatz for the eigenfunction, the exact solutions of the Schrödinger equation for this potential have been obtained by Şimşek andÖzçelik. [7] Substituting the corresponding parameters into Eq. (17), we obtain the energy spectra of the four-parameter exponential-type potential for zero angular momentum states,
where the plus and minus signs ± are corresponding to C > 0 and C < 0, respectively. Choosing
the DFPEP reduces to the deformed four-parameter exponential-type potential
Making the corresponding parameter replacements in Eq. (17), we obtain the exact energy spectra for the potential given in Eq. (32),
This result is consistent with that given by Eq. (22) in Ref. [8] .
Attractive Radial Potential and Modified Poschl Teller Potential
Choosing
the DFPEP turns to the attractive radial potential proposed by Williams and Poulios [22] by making use of a simple transformation method for the generation of exactly solvable quantum mechanical potentials,
For this potential, Williams and Poulios [22] have shown that there are no eigenstates unless A > 4 and relatively few eigenstates are allowed for even large values of the parameter A. Substituting the corresponding parameters into Eq. (17), we may obtain the exact energy spectra for the attractive radial potential.
the DFPEP reduces to the three-dimensional modified Poschl-Teller potential [23] 
where λ > 0. Making the corresponding parameter replacements in Eq. (17), we may also generate the exact energy spectra for the three-dimensional modified PoschlTeller potential.
Summary
In this paper, we have presented a unified exponentialtype molecule potential that contains special cases of most previously given exponential-type molecule potentials and their deformations. Choosing appropriate parameters, the DFPEP turns to the Eckart potential, Hulthén potential, generalized Morse potential, four-parameter molecule potential, and three-dimensional modified Poschl-Teller potential, etc. These potentials show the supersymmetric shape invariance and the identity except for the different definitions for the parameters. In view of this identity, we may use the DFPEP model to give reasonable calculations for the vibration energy levels of diatomic and polyatomic molecules by choosing appropriate parameters, which may be obtained with the help of fitting the experimental RKR curves. For the central potentials reduced in the present work, the supersymmetric solutions for the zero angular momentum states may be useful for obtaining analytically reasonable values of nonzero angular momentum states by making use of the method proposed by Gönül et al. [24] While choosing appropriate values for the parameters, some restrictions to the parameters must be taken into consideration for the wavefunctions satisfying the normalizability. [25] 
